Compound Pendulum

Chapter 2



Introduction
A rigid body of any shape suspended

A compound pendulum is also called as
physical pendulum. Examples — Kater’s
pendulum, Bar pendulum

and free to oscillate in a vertical plane
about an axis passing through it is
called compound pendulum.

» Bar pendulum

—= A uniform
rectangular metallic
bar (- 1m long), with
holes drilled along
its length (-5 cm
apart)

—= CG in the middle of
the bar

s 2 knife edges
symmetrically placed
on ¢ither side of CG
to suspend it at
various distances
from CG
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Time period of oscillation

of compound pendulum

Consider a physical pendulum as shown in figure.

Pendulum has mass m.

From figure vertical section passes through Center
of mass, so A is the point of suspension . When
pendulum is suspended on A and released , it will
perform oscillation.

Let it is pulled aside at an angle 6 s shown in figure.

Let AG — length of pendulum — 1, mg — weight acting at
G /G’ acting vertically downwards.

mgl is the torque and its vertical component

=P EQUIILAUT POGIMON
m g | sin® acting in the direction of coupled force or
applied torque, so in order to balance this torque, restoring

torque is acting in opposite direction. So, 7=-mg | sing.




Redrawn the compound
pendulum, replacing A by O, Torque about
G by C, and G' by C'. OO’ 1s axis of

the equilibrium position and rotation i.e. O
OC’ 1s the deflected position. IS zero

t at C'duetoits T produces
weight i.e. mg angular
about the axis of acceleration
rotation is i e. d20/dt2
mgl, sin® >

r:IF:—mgllsine --(1)
d’o mgllj :
—=| - sino --(2
dt? ( | @)
2
Zt?+(m?lljsin9:0 -(3)

Let | is Moment of Inertia of the rigid body.

Let o2 =9k ()

I _ :
If © is small then equation (3) is
rewritten as,

2
% +®°0=0 --(5)

So time period of compound

pendulum is given by,
, I
Tl =27 mgll o (6)




For the rigid body , mass m of the whole body is supposed to be concentrated at
center. So moment of Inertia I, = ml 2, and about axis passing through center
of mass& parallel to axis of rotation i.e. I, =mk?. So total | = ml 2, + mk>.
Substituting I in equation (6) we get ,

T, =2n | *—— --—--- (7) Rewriting this equation we get following equation .
gl,
k2
|, +—
T, =2n _ b k®
e \ g (8) HereL =1, -|—|— --- (9) is the length of equivalent

1

Simple pendulum. This means a simple pendulum of length L will have same
period of oscillation as that of T,.



Maximum and Minimum time periods of a compound pendulum

Time period will be maximum if I, = 0. It means the axis of rotation passes through
its center of mass.
Maximum period can be infinite . This means the pendulum is not oscillating i.e.

o = 0.
Minimum time period can not be zero because w+w .

To obtain minimym time period we should have (dL/dl,) = 0. so,
dL d k? . .
—=—|lL,+—|=0 ------ (10). From this equation we get ,
dl, dl l,

2
1_k_2 =0 --- (11) which results into k = |, (-ve sign can not be taken).

1

. : : . ,Zk
Considering this, we get L =2k and Time period T, =2x, [— ---- (12)
T..in 1S constant because k is a constant for given pendulum.



Centers of suspension and oscillation

Consider Fig. 1.The point ‘O’ is called point of suspension or center of suspension. The
pendulum oscillates about horizontal axis passing thro’ this point. Hence if ‘C’ is the
center of gravity so from fig let OO'=0C +,CO' =1, + 1,

But OO’ =L =1 +_[Eq 9]sol, +1,=1, .80 from here we find that I, I, = k?

orl,=ke/1,. " :
Let Pendulum is reversed and suspended on O’ so If Time period of pendulum is

So point of suspension and point of oscillation are interchangeable. If center of suspension
and center of oscillation are equidistant from center of mass , the period is minimum.




Reversible Compound Pendulum and Bessel’s
formula

If center of suspension and center of oscillation is interchangeable in a
pendulum then such pendulum is called as reversible pendulum. Consider
Time periods at O and O’ i.e. center of suspension and center of oscillation.

gT# k? gT5 k?
s = h T (1) and =5 =1 LT (2)




Continued.....

« Subtracting Eq.(3) and (4) further above equations , we get ,

L UWTE = LT =G - 15 - (5) Rewriting this equation we get,
g _ -1 an? _ (LWTE-L,TF) A B

4m2 (L T?-1,TF) or g B-12 L+l +11—12 (6)

LTE =1, T =A — L)+ B4 + 1) - (7)

If we consider [; = I, then from Eq.(7) we have, I, (TZ-T2) = 2B,
2_ 2
S0 B = (TlTTZ) ----- (8) and if [; = —I, then Eq. (7) is written as
2 2
1, (T£+T4$) = 2Al; and therefore, A = il S 9)
Substituting (8) and (9) in (6) we get the following equation
am? _ (12415) | (TE-TH)
g 2(l1+1l2)  2(l1-12)

------ (10) This 1s Bessel’s formula used for

determination of gravitational acceleration. Since |, can not be equal to |, so T, is
made ~ T, so that second term can be neglected and ‘g’ can be accurately
calculated.


















Two body oscillations

« Atwo body simple harmonic oscillator consists of two masses performing
simple harmonic motion such that the motion of one influences the other. It is
an example of coupled oscillator . This is as shown in fig.

K _*2_ consider two masses m; and m, are
@ XA XA @ connected by weightless spring of spring

. constant k. If the spring is stretched then both
masses are moving initially in opposite direction but then they will move
towards each other i.e. towards equilibrium position. This is due to
compression. In this way there will be alternate compression and rarefaction.

« Diatomic molecules like HCI, H, , CO are examples of coupled oscillator.

* In above diagram x, and x, are displacements of masses m; and m, respectively.

» Let these displacements are in outward directions and let they are positive.

* So let the total displacement = x = x; + X, .



Continued. . ...

« Letk is spring constant. When the system is stretched and released
then restoring force is acting on it which acts in opposite direction to
applied force. So net force acting on

m, is f,=m; a, = m, %; and on m, , it is given as m, i,
we must have f, = -k x ( restoring force), m; ¥;=-K X,

y k y k
;. Xy = ——2x and also we have ¥, = ——x
mq my
. . k k 1 1
Xyt Xgm——x ——Xx = —(—+—)kx
m4q m, mq m,
. + m-+m -
- E=— (mz ml) kx . Assume reduced mass p = ( 2 1) eq. is
mi;m; mp;m;

similar to equation of SHM. ux =—kx and w = % Is the angular freq.



o ux +kx =0, rewrite X +Ex =0

* Time period of two body oscillator

T=2TL'\/E
k



Alternate method for two body oscillator

« Consider the two body oscillator as shown below




Some Important formulae for moment of Inertia
« Moment of Inertia about an axis passing through its center

IS given by mk?>=mR? ork =R
Moment of Inertia of the disc about an axis passing through its
center and pivoted on a its rim is given by mk? = mR?/2.

If point is any where on rim then the
distance of the point from center is
considered to be radius of gyration so

CP=x=Kk




* Forrod Moment of Inertia about an axis
Mk?2 = ML?2/12










